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Rational‑RC Technical Report: Governing Formulations 

Mechanism‑based probabilistic formulations for deterioration modules 

 

Scope: This technical note summarizes the governing equations used in the Rational‑RC 

framework. The implementation details are referenced to the code repository. 

1 Formulation of modules 

1.1 Membrane module 

The deterioration of waterproof membranes is highly complex. Factors such as chemical 

composition, constructio, in-service stress, moisture exposure, temperature, and overlay condition 

all influence membrane aging. Due to this complexity, the material degradation mechanism is not 

modelled directly. Instead, a statistical approach is employed to predict the probability of 

membrane failure. In this formulation, the resistance is defined as the membrane service life, the 

load is the age in service, and the limit state is reached when the service age exceeds the service 

life. 

The initial estimation of the service life is assumed to follow the normal distribution with a mean 

and standard deviation such that the product service life (life expectancy) corresponds to a 95% 

survival probability:  

 𝐹(product service life) = 95% (1) 

where 𝐹 is the cumulative density function (CDF) of the service life with the known or assumed 

standard deviation and the mean to be solved. The probability density function (PDF) of the service 

life, as the derivative of CDF, can be derived. 

The estimated distribution is then calibrated against field-surveyed failure rates through an 

optimization scheme that adjusts the standard deviation until the model solution matches observed 

data. This calibration accounts for the variability of in-service performance and refines the 

uncertainty associated with membrane deterioration. The resulting calibrated model is 

subsequently used for future deterioration projections, with accuracy improving as additional 

historical data become available. 

Note: For detailed code implementation, refer to the Rational-RC software package 

documentation[1]. 

1.2 Chloride module 

Chloride ions are not intrinsic to cement but may enter the pore solution of concrete through several 

pathways. Sources include mixing water, chloride-contaminated aggregates (e.g., sea sand), or 

chloride-bearing admixtures. In marine environments, reinforced concrete structures such as 

bridge piers in direct contact with seawater, or offshore facilities exposed to airborne sea-salt 
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particles, are subject to continuous chloride ingress. In cold regions, the dominant source is de-

icing salts, which are routinely applied to bridge decks, parking garages, and other reinforced 

concrete surfaces either as dry crystals or in near-saturated solutions. 

Chloride in concrete may be water-soluble and insoluble. The chloride ion becomes insoluble 

when bonded during the hydration of C3A phase to form Chloroaluminates (Friedel’s salt)[2]. 

Chloride in the solution is soluble and does damage to the passive film of rebar. Critical chloride 

content is the threshold chloride content for rebar to start to depassivate or, in practical engineering, 

to cause noticeable corrosion damage. It is usually expressed as the mass percentage of binder or 

of concrete. The reported value from laboratory tests and field tests have large variance[3,4]. The 

variation could be attributed to many factors that affect the actual concentration of soluble chloride 

in the pore solution: the use of supplementary materials, water saturation level in the pore 

networks, and consumption of chloride-binding hydration products. For example, the carbonation 

of chloroaluminates releases the bound chloride into soluble chloride. Sulphate attack consumes 

calcium aluminate hydrates lowering the bonding capacity and further competes with chloride for 

bonding, releasing the bound chloride into a mobile form [2].  

Despite the discrepancy in the reported critical chloride threshold value, it is widely accepted that 

this value depends on the pH in the concrete pore solution. It is because pH affects the stability of 

chloride-binding hydration products (such as calcium aluminate hydrates) and also high pH itself 

counteracts the depassivating effect of chloride ions. Generally, a higher critical chloride threshold 

value is expected for a higher pH. The [Cl−]/[OH−]  ratio or its nonlinear variations 

[Cl−]n/[OH−]𝑚, is often used as the criterion for chloride-induced depassivation of rebar [4].   

In the current model, the pH condition is treated as binary (non-carbonated or carbonated). The 

mean critical chloride content for non-carbonated concrete is taken as 0.6% by weight of cement 

[5] and zero for carbonated concrete. Throughout this project, the critical chloride content is 

expressed as a percentage by weight of cement, since cement alkalinity is the key factor 

counteracting chloride effects. When converted to a percentage by weight of concrete, this value 

depends on the cement-to-concrete ratio. 

The transport of salts in concrete can be described by the diffusion-advection equation, whereby: 

 𝜕(𝜃𝑐)

𝜕𝑡
= ∇ ∙ (𝐷𝑒𝑓𝑓∇c + 𝒖𝑐) + 𝜃 (

𝜕𝑐

𝜕𝑡
)
𝑆𝑖𝑛𝑘/𝑆𝑜𝑢𝑟𝑐𝑒

 (2) 

where 𝑐 [𝑘𝑔/𝑚3]  is liquid phase-averaged solute concentration, 𝒖 [𝑚/s] is Darcy’s velocity, 

𝐷𝑒𝑓𝑓  [𝑚
2/s] is effective diffusivity, term (

𝜕𝑐

𝜕𝑡
)
𝑆𝑖𝑛𝑘/𝑆𝑜𝑢𝑟𝑐𝑒

may be introduced as chloride binding 

(negative) and releasing (positive) or sulphate consumption (negative). 𝜃 [−] is volumetric water 

constant. 

When advection is absent, the water content remains constant, and no time-dependent chloride 

binding or release occurs. In this case, the governing equation simplifies to Fick’s second law, 

which has an analytical solution. This assumption is valid below the advection zone of the concrete 

cover, where diffusion dominates and the water content is stable. In this treatment, the chloride 

source boundary is defined at the end of the advection zone and the beginning of the diffusion 
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zone. Because the water content is constant, chloride concentration in the pore solution can be 

expressed as chloride content per unit weight of cement. Thus, the analytical solution applies 

below the convection zone. 

 𝐶(𝑥, 𝑡) = 𝐶0 + (𝐶𝑆,Δ𝑥 − 𝐶0) ∙ [1 − 𝑒𝑟𝑓 (
𝑎 − Δ𝑥

2 ∙ √𝐷𝑎𝑝𝑝,𝐶 ∙ 𝑡
)] (3) 

𝐶0 : initial chloride content of the concrete [𝑤𝑡−.%/𝑐𝑒𝑚𝑒𝑛𝑡] 

𝐶𝑆,Δ𝑥 : chloride content at a depth Δ𝑥 and a time 𝑡 [𝑤𝑡−.%/𝑐𝑒𝑚𝑒𝑛𝑡] 

Δ𝑥     : depth of the convection zone (concrete layer, up to which the process of chloride penetration 

differs from Fick’s 2nd law of diffusion) [𝑚𝑚] 

𝐷𝑎𝑝𝑝,𝐶   : apparent coefficient of chloride diffusion through concrete [𝑚𝑚2/𝑦𝑒𝑎𝑟 ] 

𝑒𝑟𝑓    : error function 

The main challenge lies in determining the advection zone depth, Δ𝑥, and the chloride content at 

that depth, 𝐶𝑆,Δ𝑥.  The depth of the convection zone depends on wetting and drying cycles, while 

the chloride content at this depth is influenced by the frequency and amount of chloride exposure. 

can be quantified through experimental studies or numerical simulations of chloride transport 

under wetting–drying conditions. The empirical quantification of these parameters can be found 

in the FIB model code [5] which classifies exposure conditions into two categories: “advection” 

(e.g., splash) and “no advection” (e.g., submerged, leakage, or spray, with Δ𝑥 = 0). The boundary 

conditions are estimated based on the information of chloride sources such as seawater or the 

amount of deicing salt applied. When such information is not available, and the reinforced concrete 

structure is sufficiently aged in its service environment, the chloride content at a shallow depth 

(e.g., 12.5 mm) may be used as 𝐶𝑆,Δ𝑥 with Δ𝑥 = shallow depth under no-advection assumptions. 

However, when advection is considered, the Δ𝑥 needs to be initially determined based on the 

exposure conditions and the 𝐶𝑆,Δ𝑥 should be the chloride content measured at that Δ𝑥 depth. 

The initialized model can then be calibrated to the field chloride profile (usually at three depths: 

12.5 mm, 50 mm, 100 mm). The search algorithm will find the “rapid chloride migration 

diffusivity” from a virtual chloride migration test, which corresponds to the apparent coefficient 

of chloride diffusion in concrete, 𝐷𝑎𝑝𝑝,𝐶, that matches field chloride content at a given time and 

depths.  The calibrated model employs the mean values of the rapid chloride migration diffusivity 

calibrated for chloride at multiple depths. The calibrated model can be further validated with the 

survey data at different times. 

Note: Detailed implementation procedures are provided in the Rational-RC software package 

documentation [6]. 

1.3 Carbonation module 

In reinforced concrete structures, carbon steel reinforcement is embedded in an alkaline 

environment with a pH of 12.5–13.5. This high alkalinity promotes the formation of a passive film 
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on the steel, keeping corrosion rates extremely low. The film, however, can be destabilized either 

by chloride ions, even at high pH, or by carbonation, which reduces the pore solution pH to near-

neutral levels (about 8.0–8.5). Once the film breaks down, the steel depassivates and can corrode 

at significantly higher rates. Carbonation-induced corrosion is typically uniform, with anodic and 

cathodic sites located in close proximity. 

The carbonation process can be numerically modelled with the diffusion of CO2 gas, its 

equilibrium with the dissolved species in concrete pore solution (e.g., HCO3
− and H2CO3), and the 

neutralization reaction between these carbonate and bicarbonate acid with the hydroxide ions from 

the hydration products such as Ca(OH)2 and C-S-H gel. This complex process has been modelled 

numerically by [7,8] with refinements to chemical interactions and porosity changes. Although 

such models are computationally intensive and unsuitable for probabilistic applications, they 

highlight key factors influencing carbonation rate. Specifically, the carbonation rate is dependent 

on the material properties such as CO2 diffusivity, and environmental factors such as the relative 

humidity. Empirical evidence shows that carbonation depth is approximately proportional to the 

square root of time, with the proportionality constant governed by material properties and exposure 

conditions. Systematic studies [5] have been conducted on quantifying the effects of the material 

properties and environmental factors on the proportional constant.  

 𝑥𝑐(𝑡) = 𝑊(𝑡) ∙ √2 ∙ 𝑘𝑒 ∙ 𝑘𝑐 ∙ (𝑘𝑡 ∙ 𝑅𝐴𝐶𝐶,0
−1 + 𝜖𝑡) ∙ 𝐶𝑆  ∙ √𝑡 (4) 

𝑥𝑐(𝑡) : carbonation depth [𝑚𝑚] 

𝑊(𝑡)  : weather function [−]  

𝑘𝑒 : environmental function [−]  

𝑘𝑐  : execution transfer parameter [−], account for curing measures  

𝑘𝑡 : regression parameter [−]  

𝑅𝐴𝐶𝐶,0
−1 : inverse effective carbonation resistance of concrete in accelerated carbonation test 

[(𝑚𝑚2/𝑦𝑒𝑎𝑟)/(𝑘𝑔/𝑚3) ]   

𝜖𝑡: error term [−] 

𝐶𝑆    : 𝐶𝑂2 concentration [𝑘𝑔/𝑚3]  

𝑡 : time [𝑦𝑒𝑎𝑟] 

Quantification of these parameters can be found in the FIB model code [5]. 

The Limit state for the carbonation-induced corrosion is when carbonation depth reaches the rebar 

surface. The probability of failure is  
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 𝑃𝑓 = 𝑃(𝑎 − 𝑥𝑐 < 0) (5) 

Where 𝑎 is the concrete cover [𝑚𝑚]. 

Whenever available, the carbonation model can be calibrated with the historical carbonation depth 

survey data. Calibration aligns the mean modelled carbonation depths with field observations. The 

calibrated parameter is the accelerated carbonation depth from a standardized test, which 

represents the effective carbonation resistance of concrete and is independent of ambient 

conditions. Predicted carbonation depths can then be validated against current or future survey 

data. 

Note: Detailed implementation procedures are provided in the Rational-RC software package 

documentation [1]. 

1.4 Corrosion module 

In the current module, corrosion is assumed to be uniform. Under this assumption, the corrosion 

current density, 𝑖𝑐𝑜𝑟𝑟, which reflects the averaged section loss of the metal into the rebar surface. 

Rebar corrosion becomes significant when the passive film is destroyed due to carbonation, 

chloride ingress, or both. Once fully activated, the corrosion process can be activation-controlled, 

primarily governed by water content and temperature, or diffusion-limited, constrained by oxygen 

availability in highly saturated concrete where oxygen transport is slow. 

Numerical models are capable of simulating the electrochemical process and the potential and 

current distribution. The coupling of the anodic and cathodic sites is modelled in a 2-D domain 

representing concrete cover. The activation-controlled kinetics (potential-current relationship) on 

the rebar is described by the Bulter-Volmer equation. The potential distribution in the concrete 

cover is governed by Laplace’s equation. Water content and temperature affect the concrete 

resistivity and, therefore, the potential and current density distribution on the rebar.  

The effect of temperature is specifically emphasized in a numerical model by [9], which was 

adopted in this project. The Arrhenius type of dependency of corrosion rate on temperature is 

reflected on the exchanging current density of the two half-cell reactions ( Fe2+/Fe  and 

H2O/OH
− ), and temperature-dependent resistance change between the separated anode and 

cathode. Although the effect of resistivity is debatable when the distribution of anodic and cathodic 

sites is unclear, the effect from the resistance can be tuned by the anodic/cathodic area ratio and 

the size of these areas, which is effectively a user-input calibration factor. A similar model was 

also developed by [10], and corrosion rate predictions from both models are reasonably 

comparable to the experimental result with varying temperature and ambient relative humidity 

[10,11].  The solution of the numerical model [9] has been fitted into an analytical form where 

𝑖𝑐𝑜𝑟𝑟 is a function of resistivity, temperature, cover thickness and limiting current density. 

 𝑖𝑐𝑜𝑟𝑟 =
1

𝜏𝜌𝛾
[𝜂𝑇𝑑𝜅𝑖𝐿

𝜆 + 𝜇𝑇𝜈𝑖𝐿
𝜔
+ 𝜃(𝑇𝑖𝐿)

𝜈 + 𝑋𝜌𝛾 + ζ] (6) 
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where 𝜌[Ω𝑚]  is concrete resistivity, 𝑇[𝐾]  is temperature, 𝑑[𝑚]  is concrete cover thickness,  

𝑖𝐿[𝐴/𝑚
2]  is limiting current density, and the remaining Greek symbols are fitted, unitless 

parameters. 

It is worth mentioning that since resistivity is highly related to the water content, mathematically, 

one can correlate either one of them to the experimental data regardless of the physical mechanism. 

In the original finite element model [9], the resistivity is formulated with relative humidity. 

However, water content is a more preferred measure for the moisture condition in concrete because 

the concrete may retain a different amount of moisture depending on the pore structure and pore 

solution composition. Therefore, in order to use water content to replace the RH-correlated 

resistivity as the input, this analytical model, Equation (6) is calibrated with a resistivity-water 

content relationship, such that the resistivity is correlated to the water content and the model 

predicts the same results with the tested data at the given temperature (e.g. 25°∁). An optimization 

algorithm was used to find such a resistivity-water content curve. The fitted analytical form of the 

curve can be expressed as 

 𝜌 = 𝑎𝜃𝑤
𝑏  (7) 

where 𝜃𝑤[−] is volumetric water content, and 𝑎, 𝑏 are fitted parameters. 

The limiting current density, 𝑖𝐿 was calculated with the assumption of a Nernstian diffusion layer 

with a thickness 𝛿 and diffusivity 𝐷𝑂2 . The cathodic current is at equilibrium with the with mass 

transport. 

 𝑖𝐿 = 𝑧𝐹
𝐷𝑂2𝐶𝑠,𝑂2

𝛿
 (8) 

where 𝐶𝑠,𝑂2[𝑚𝑜𝑙/𝑚
3] is the amount of dissolved oxygen in a continuum; 𝛿[𝑚] is the effective 

thickness of oxygen diffusion layer; 𝐷𝑂2[𝑚
2/ 𝑠] is diffusion coefficient of oxygen in a continuum. 

In concrete, the diffusion of oxygen takes place in both the gas phase and liquid phase. The gas 

and liquid bulk flow can be neglected, so the whole concrete cover is considered as the diffusion 

layer. The oxygen diffusion in the gas phase is much greater than the diffusion in the solution. 

Therefore, the gas-phase diffusion is dominant. This consideration is reasonable because the liquid 

phase is often discontinuous in partially saturated concrete, while gas-phase diffusion bridges these 

discontinuities. Therefore, the oxygen diffusion in concrete is treated with total-volume-averaging 

approach, where concrete is treated as a continuum, and the driving force for the oxygen diffusion 

is the gradient of gas mass density/concentration in the gas phase. The effective diffusivity of 

oxygen in concrete as a continuum should be used, as measured by typical experimental setups for 

diffusivity measurement [12].  

Accordingly, Equation (8) can be reformulated for concrete as: 

 
𝑖𝐿 = 𝑧𝐹

𝐷𝑒,𝑂2𝜖𝑔𝐶𝑔,𝑂2
𝑑

 

 

(9) 
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Where 𝐷𝑒,𝑂2 is the effective diffusivity of oxygen in concrete, 𝜖𝑔 is the gas-phase volume fraction, 

𝐶𝑔,𝑂2 is oxygen concentration in the gas phase [𝑚𝑜𝑙/𝑚3].  

The effective diffusivity of oxygen in concrete, 𝐷𝑒,𝑂2, depends on the concrete pore structure and 

moisture level. It can be estimated using the empirical equation [12]: 

 𝐷𝑒,𝑂2 = 1.92 × 10
−6𝜖𝑝

1.8(1 − 𝑅𝐻/100)2.2 (10) 

where 𝜖𝑝 is the porosity of hardened cement paste (HPC) and RH is the internal relative humidity 

[%]. This HCP porosity is used because diffusion along the aggregate–paste interface is considered 

to make up for the lack of diffusion through the aggregate particles themselves.  

The porosity of hardened cement paste, 𝜖𝑝, is related to the concrete total porosity, 𝜖, by 

 
𝜖𝑝(𝑡) = 𝜖(𝑡)(1 +

𝑎𝜌𝑐
𝑐𝜌𝑎

1 +
𝑤𝜌𝑐   
𝑐𝜌𝑤

) 

 

(11) 

where 𝑎/𝑐 is aggregate-to-cement ratio, 𝑤/𝑐 is water-to-cement ratio, 𝜌𝑐  is particle density of 

cement, 𝜌𝑎 is particle density of aggregate (fine and coarse), 𝜌𝑤 is density of water, 𝜖(𝑡) is the 

porosity of concrete, which changes with time with a reduction in porosity due to continuous 

hydration, Δ𝜖𝐻(𝑡) and carbonation, Δ𝜖𝑐: 

 𝜖(𝑡) = 𝜖0 − Δ𝜖𝐻(𝑡) − Δ𝜖𝑐 (12) 

In this project, the porosity, 𝜖(𝑡), is assumed to be a constant. 

The internal relative humidity, RH, is related to the water content by the empirical van Genuchten 

model [13] or derived by the semi-empirical model based on the modified BET adsorption theory 

[14]. In this model, the theoretic model is used as this RH-water content relationship is expressed 

with classic adsorption model properties: 

 
𝑊𝑤  =  

𝑉𝑚𝐶𝑘 (
𝑅𝐻
100) 

(1 − 𝑘 ∙
𝑅𝐻
100

) [1 +  (𝐶 − 1)𝑘 ∙
𝑅𝐻
100

]
 

 

(13) 

where 𝑊𝑤 is water content by the mass ratio of hardened cement paste (HCP). It should be noted 

that there were conflicting cited meanings of this parameter in the original reference [11,14], but 

the above-mentioned one has been verified with the experimental data in that reference. 𝑉𝑚, 𝐶, and  

𝑘 are the parameters related to the BET adsorption model and the water-cement ratio of HCP.  

 𝐶 = e𝐶0/𝑇 (14) 

where 𝐶0 = 855, and 𝑇 is temperature [𝐾].  
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The water content 𝑾𝒘 can be converted to volumetric water content of HCP by  

 
𝜃𝑤_𝐻𝐶𝑃  =

1

1 + (
1
𝑊𝑤

− 1)𝜌𝑤/𝜌𝑐

 

 

(15) 

and further converted to the volumetric water content of concrete, 𝜃𝑤, by  

 

𝜃𝑤   =  
𝜃𝑤_𝐻𝐶𝑃

1 +

𝑎
𝑐
𝜌𝑐
𝜌𝑎
  

1 +
𝑤
𝑐
𝜌𝑐
𝜌𝑤

 

  

(16) 

With the relationships among porosity, water content, and oxygen diffusivity established, the 

influence of temperature on oxygen transport must also be considered. The temperature 

dependence of the effective oxygen diffusivity can be expressed by an Arrhenius-type equation 

[11]: 

 𝐷𝑒,𝑂2(𝑇) = 𝐷𝑒,𝑂2 ,(𝑇0) ∙ 𝑒𝑥𝑝 [
Δ𝑈𝐷
𝑅

(
1

𝑇0
−
1

𝑇
)] (17) 

Where 𝑇0 is reference temperature [𝐾], 𝑅 is the gas constant [𝐽/𝐾/𝑚𝑜𝑙], Δ𝑈𝐷 is activation energy 

[𝐽], and it can be calculated with an empirical expression for water-cement ratio between 0.4 and 

0.6: 

 Δ𝑈𝐷 = 0.001[𝐾𝐽/𝐽] ∙ [−505(
𝑤

𝑐
)
2

+ 484.5
𝑤

𝑐
− 94 ] (18) 

Once the corrosion current density, 𝑖𝑐𝑜𝑟𝑟, is calculated, the corrosion rate or the section loss rate 

can be calculated with Faraday’s laws. 

 
𝑟𝑐𝑜𝑟𝑟 = 𝑥𝑙𝑜𝑠𝑠_𝑟 = 𝑖𝑐𝑜𝑟𝑟

𝑀𝐹𝑒

𝑛𝐹𝜌𝐹𝑒
 

 

(19) 

where 𝑥𝑙𝑜𝑠𝑠_𝑟  is the section loss rate [𝑚/𝑠], 𝑀𝐹𝑒  is molar mass [𝐾𝑔/𝑚𝑜𝑙], 𝑛 is the number of 

charges, 𝜌𝐹𝑒 is the density of iron [𝐾𝑔/𝑚3]. 

The distribution of the accumulated rebar section loss at 𝑡𝑒𝑛𝑑  accounts for the contributions from 

all active corrosion events that occur in the time history up to 𝑡𝑒𝑛𝑑 .  

For an active corrosion event initiated within the interval  [𝑡𝑖 , 𝑡𝑖 + Δ𝑡] , the corresponding 

accumulated section loss at 𝑡𝑒𝑛𝑑   is 
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 x_lossti→𝑡𝑒𝑛𝑑 = ∫ 𝑟𝑐𝑜𝑟𝑟(𝑡)𝑑𝑡
𝑡𝑒𝑛𝑑

𝑡𝑖

 (20) 

This probability associated with this event is the additional probability of active corrosion onset in 

[𝑡𝑖 , 𝑡𝑖 + Δ𝑡], expressed as 

 𝑃𝑎𝑑𝑑.𝑜𝑛𝑠𝑒𝑡(ti) = 𝑃𝑜𝑛𝑠𝑒𝑡(𝑡𝑖 + Δ𝑡) − 𝑃𝑜𝑛𝑠𝑒𝑡(𝑡𝑖).  (21) 

The section loss at the time 𝑡𝑒𝑛𝑑 , is a random variable constructed with the accumulated section 

loss from 𝑡𝑖 to 𝑡𝑒𝑛𝑑  together with the corresponding probability of the corrosion onset event. 

1.5 Cracking module 

In the scope of the current cracking model, the formed crack is assumed to be corrosion-induced 

only, with no consideration of other structural stress. The inclusion of other structural stress will 

be considered in future research projects. 

The section loss of the reinforcing steel is derived from the corrosion rate, and the initiation of 

concrete cover cracking is predicted from the expansive pressure generated by rust accumulation. 

This rust-induced expansive pressure, acting radially from the rebar onto the surrounding concrete, 

produces tensile stresses in the direction perpendicular to the principal compressive stresses. The 

interaction between rust expansion and the concrete cover is represented using the thick-walled 

cylinder model and its improved formulations [15–17].  

The thick-walled cylinder model is based on the following assumptions: 

• Smeared cracks propagate through the concrete cover in the radial direction. 

• Concrete follows the bilinear tension softening law. 

• Radial displacement compatibility exists between cracked and sound 

• Three cracking stages are considered: sound, partially cracked, and fully cracked. 

The cylinder model is illustrated in Figure 1. 
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Figure 1 Illustration of the thick-walled cracking model [15]. 

The tangential strain, 𝜀𝜃, in the cylinder can be expressed in terms of the rust thickness. 

For sound or fully cracked concrete cover: 

 
𝜀𝜃(𝑎 ≤ 𝑟 ≤ 𝑏) =

𝑢𝑠𝑡
𝑎

𝑏2

𝑟2
+ 1

𝑏2

𝑎2
+ 1

  

 

(22) 

For partially cracked concrete cover: 

 
𝜀𝜃(𝑎 ≤ 𝑟 ≤ 𝑏) =

𝑓𝑡
𝐸0

𝑏2

𝑟2
+ 1

𝑏2

𝑅𝐶
2 + 1

  

 

(23) 

with 

 

𝑅𝐶 =
𝑏

√
𝑓𝑡 ∙ 𝑎
𝐸0∙𝑢𝑠𝑡

[(
𝑏
𝑎)

2

+ 1] − 1

 

 

(24) 

where, 

𝑎: inner radius boundary of the rust (centre of rebar to rust–concrete interface) [𝑚] 
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𝑏 : outer radius boundary of the concrete (center of rebar to cover surface) [𝑚] 

𝑢𝑠𝑡 : rust expansion depth beyond the ITZ porous zone [m] 

𝑓𝑡 : ultimate tensile strength [𝑀𝑃𝑎] 

𝐸0 : modulus of elasticity [𝑀𝑃𝑎] 

𝑅𝐶: the splitting crack front (center of rebar to concrete where 𝜎𝜃|𝑟=𝑅𝐶 = 𝑓𝑡) 

Taking into account the volumetric expansion rate 𝑟𝑣 and the thickness of the porous interfacial 

transition zone (ITZ) between the rebar and concrete matrix, 𝑢𝑝, the effective rust expansion depth 

𝑢𝑠𝑡 can be calculated with the rebar corrosion sectional loss 𝑥(𝑡). 

 
𝑢𝑠𝑡 = 𝑢𝑟 − 𝑢𝑝 

 
(25) 

 𝑢𝑟 = (𝑟𝑣 − 1) ∙ 𝑥(𝑡) (26) 

Here, 𝑢𝑟 represents the total radial rust growth, i.e., the outward displacement of the rust front due 

to the volumetric expansion of corrosion products. It is obtained by multiplying the steel section 

loss, 𝑥(𝑡) (expressed as a radial measure), by the expansion factor (𝑟𝑣 − 1). Physically, this means 

that as the steel radius decreases by 𝑥(𝑡), the resulting rust occupies a larger volume, expanding 

outward and exerting pressure on the surrounding concrete. Subtracting the porous ITZ 

thickness, 𝑢𝑝, yields the effective expansion 𝑢𝑠𝑡, which actively contributes to cracking. 

The expansion rate 𝑟𝑣 ranges from 2 to 6.5 times that of metallic iron, depending on the rust form 

(Figure 2) [18]. Under field conditions, the rust is typically a mixture of different forms, with a 

mean expansion rate of 𝑟𝑣 = 2.96, varying between 2.6 and 3.3 [19,20]. The thickness of the 

porous zone has a typical value 𝑢𝑝 = 12.5 𝜇𝑚 [21], and it is affected by the water-cement ratio. 

 

Figure 2 Expansion volume of various rust forms [18]. 

The tensile stress 𝜎𝜃 in the concrete cover in the tangential direction is calculated using the bilinear 

tension-softening constitutive model [22]: 
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𝜎𝜃 =

{
 
 

 
 

𝐸0 ∙ 𝜀𝜃 , 𝜀𝜃 ≤ 𝜀𝑐𝑟

𝑓𝑡 ∙ [1 − 0.85 ∙
𝜀𝜃 − 𝜀𝑐𝑟
𝜀1 − 𝜀𝑐𝑟

] , 𝜀𝑐𝑟 ≤ 𝜀𝜃 ≤ 𝜀1 

0.15 ∙ 𝑓𝑡 ∙
𝜀𝑢 − 𝜀𝜃
𝜀𝑢 − 𝜀1

, 𝜖1 ≤ 𝜖𝜃 ≤ 𝜖𝑢

 

 

(27) 

where 

𝜀𝑐𝑟 = 𝑓𝑡/𝐸0 is the critical cracking strain 

𝜀1 = 0.0003 is the strain corresponding to 𝜎𝜃 = 0.15𝑓𝑡 

𝜀𝑢 = 0.002 is the ultimate strain corresponding to zero residual tensile strength 

The model is depicted in Figure 3. 

 

Figure 3 Bilinear tension-softening constitutive model [22]. 

As smeared cracks propagate through the concrete cover in the partially cracked condition, the 

first single crack appears as a crack through the concrete cover, which leads to the fully cracked 

condition. The crack width of the discrete open crack is calculated by integrating the tensile strain 

that exceeds the critical cracking strain [23] when the crack tip reaches the concrete cover surface: 

 
𝑤𝑜𝑝𝑒𝑛 = ∫ (𝜀𝜃|𝑟=𝑏 − 𝜀𝑐𝑟)𝑑𝑠 = 2𝜋𝑏 [

2

(
𝑏
𝑎)

2

+ 1

∙
𝑢𝑠𝑡
𝑎
− 𝜀𝑐𝑟  ]

2𝜋𝑏

0

 

 

(28) 

Here, 𝑤open represents the circumferential crack opening width at the concrete cover surface. 
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This cracking module calculates the distribution of the internal cracks and the probability of 

surface cracking. For each stochastic sample calculation, after evaluating 𝜀𝜃(𝑟)  on a radial 

grid 𝑟 ∈ [𝑎, 𝑏], the cover condition is classified as 

• Sound cover: 𝜀𝜃(𝑟) < 𝜀𝑐𝑟  for all 𝑟 ∈ [𝑎, 𝑏]. 

• Partially cracked: there exist 𝑟1, 𝑟2 ∈ [𝑎, 𝑏] such that 𝜀𝜃(𝑟1) ≥ 𝜀𝑐𝑟 and 𝜀𝜃(𝑟2) ≤ 𝜀𝑐𝑟. 

• Fully cracked: 𝜀𝜃(𝑟) ≥ 𝜀𝑐𝑟 for all 𝑟 ∈ [𝑎, 𝑏]. 

For partially cracked states, the crack-front radius 𝑅𝐶 is computed from Equation (24). For fully 

cracked states, 𝑅𝐶 = 𝑏. For sound states, no discrete crack forms (𝑅𝐶 is undefined). 

The probability of surface cracking is the probability of the fully cracked condition, which is 

equivalently the probability that the crack front reaches the cover surface: 

 𝑃surface cracking = P (𝑅𝐶 = 𝑏) (29) 

The  internal crack length is reported via the normalised crack length (crack-length–over–cover). 

Let 𝑅 denote the original rebar radius and cover = 𝑏 − 𝑅: 

 Λ   =   
𝐿crack
cover

   =   
𝑅𝐶 − R

b − R
 (30) 

The distribution of internal crack length is the distribution of Λ across all stochastic samples. 

Note: Detailed implementation procedures are provided in the Rational-RC software package 

documentation [6]. 

2 Rational-RC computer code implementation 

Rational-RC adopts a modular, object-oriented architecture, enabling deterioration models to be 

updated or extended independently without disrupting the overall framework [6]. The package 

includes five main modules (.py files) as outlined below.  

• membrane.py: Models the probability of failure in waterproof membranes, using a 

statistical approach that accounts for service life variability. 

• chloride.py: Simulates chloride penetration into concrete through diffusion-advection 

mechanisms and calibrates based on field data.  

• carbonation.py: Predicts carbonation depth overtime considering environmental 

factors and material properties. 

• corrosion.py: Estimates uniform corrosion of rebar using a combination of empirical 

and electrochemical models, considering factors such as water content, temperature, and 

oxygen availability. 

• cracking.py: Evaluates the probability of cracking due to rust expansion, utilizing a 

thick-walled cylinder model to predict crack initiation and propagation in the concrete 

cover. 
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The main modules are implemented in a similar structure to ensure consistency. The software 

architecture of these main modules can be represented by the following high-level structure 

(Figure 4). 

 

Figure 4 High-level architecture of the main deterioration modules in rational-rc [6]. 

In each main module, raw parameters such as material properties and exposure conditions are 

assigned as attributes to the parameter object, pars. The model object, m, is then initialized 

using pars. This object, m, holds all the raw data (m.pars) along with methods and model 

functions related to the specific deterioration mechanism in that module. The m.run() 

method performs the calculations, updates intermediate parameters in m.pars, and attaches the 

direct solution to m. The m.postproc() method post-processes these direct results, generating 

derived outputs such as the probability of failure, beta factor, and visualizations. 

The m.calibrate() method calibrates the model by adjusting the material properties to match 

field data, returning a deep-copied new calibrated model object while preserving the original 

model (m). 

During the execution of run(), postproc(), and calibrate(), the math_helper module is 

invoked to handle shared utility tasks such as distribution sampling for random variability, 

probability parameter fitting, and generating visualizations. This architecture ensures modularity 

and interaction between the main modules and the math_helper module. 

Rational-RC employs modular Monte Carlo simulation with efficient vectorized operations and is 

architected to support scalable execution through user-defined parallel processing. A complete 
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four-stage deterioration simulation (membrane aging, chloride ingress, corrosion, and cracking) 

using 105 samples typically completes in under 5 minutes on a standard laptop (Intel i9 processor, 

16 GB RAM), making it well-suited for element-level and small-to-medium-scale applications. 

Basic tutorials for each module are available on the documentation website under Tutorials. 
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